We present an approach to calculating the complex amplitude of a three-dimensional (3D) diffracted light field in the paraxial approximation based on a 3D Fourier transform. Starting from the Huygens-Fresnel principle, the method is first developed for the computation of the light distribution around the focus of an apertured spherical wave. The method, with modification, is then extended to treat the 3D diffraction of an aperture with an arbitrary transmittance function.
As a distinctive characteristic of the wave nature of light, diffraction is crucial to various research areas in optics such as the study of laser beam propagation and digital holography. Often, the calculation of the diffraction of an optical field is conducted with the help of numerical methods, because analytical results are in general impossible to obtain, except for a few simple examples. For instance, Fourier-transform-based numerical methods are widely used to evaluate the diffraction pattern in a plane parallel to the hologram plane in the reconstruction process of digital holography [1, 2] . Some modifications have been developed for the case when the reconstruction plane is tilted [3] [4] [5] [6] . However, these approaches give only the two-dimensional (2D) complex amplitude distribution, while the diffraction or propagation of light in fact results in a three-dimensional (3D) distribution. Therefore, in this Letter we aim to establish a formalism that will directly provide the 3D diffracted field distribution by the use of a 3D Fourier transform.
As shown in Fig. 1 , a 3D space where the field distribution is to be calculated can be described in the Cartesian coordinates ðx; y; zÞ. An aperture (denoted as Σ) lies in the ðξ; ηÞ plane that is parallel to the ðx; yÞ plane and is at a distance d from the origin of the coordinates. The complex amplitude at the point P is given by the HuygensFresnel principle [7] :
where λ is the wavelength of the monochromatic light and k is the wavenumber. In addition to direct evaluation of the integral, numerical methods, such as the angular spectrum approach and the single-Fourier-transformbased approach, are commonly used to compute the wave field across the ðx-yÞ plane with a given value of z [8] . Specifically, both of these approaches are based on 2D wave fields, and one needs to calculate a stack of planes at different values of z for the entire 3D complex amplitude distribution. Rather than reconstructing the 3D distribution from the 2D calculated fields in parallel planes along the propagation direction, we introduce a direct approach that is based on a 3D Fourier transform (3D-FT). First, we study the special case of the propagation of a spherical wave passing through a circular aperture W , which arises in the computation of the 3D light distribution near the focus (Fig. 2) . Using the Huygens-Fresnel principle in the paraxial approximation, namely θ ≃ 0, we have [7] 
where the distance r between P and Q is given by r 2 ¼ ðx − ξÞ 2 þ ðy − ηÞ 2 þ ðz − γÞ 2 . Retaining the first two terms of the binomial expansion and selectively replacing γ with −f , we obtain with the relationship of
The approximation of r in Eq. (3) will be used in the exponent of Eq. (2) because the wavenumber k is a large number at visible wavelengths. However, for the r appearing in the denominator of Eq. (2), a coarser approximation (r ≅ f þ z) can be used. It is noted that both approximations become less accurate with point P further away from the focus. Following the treatment proposed by McCutchen [9] , the field around the focus can be written in the form of a scaled 3D-FT:
where we use the following substitution:
Here, Pðξ; η; γÞ is the pupil function associated with the fact that Q only exists on the spherical cap W in the 3D space. The pupil function is then defined by
with ξ 2 þ η 2 ≤ a 2 and γ < 0. Here, δðxÞ is the Dirac-delta distribution. We illustrate the calculation with an example of the propagation of a converging spherical wave with uniform amplitude, namely U Q ðξ; η; γÞ ¼ 1. Other parameters are λ ¼ 633 nm, a ¼ 3 mm, f ¼ 1 m. The chirp z-transform algorithm is used to implement the 3D-FT [10] . Figure 3 shows the 3D field in terms of both the intensity and phase distributions. A comparison of our method with the closed-form expression [11] and McCutchen's method [9] is given in Fig. 4 . Throughout the plots in this Letter, we normalize intensities at the maxima, and the linear phase term expðikzÞ is always neglected. Our method shows a better agreement with the analytical result than McCutchen's method. This can be attributed to the fact that McCutchen's method stems from the less accurate Debye integral [9] . In general, the Debye approximation works well in the case of a focusing wave with a high Fresnel number and weak aberrations [12] . However, in our example of a focusing system with a moderate Fresnel number (N ¼ a 2 =λf ¼ 14:2), the Debye integral fails to show the asymmetry of the axial field and the shift of focus toward the aperture. It is worth mentioning that various methods have been developed to perform the calculation of a focusing wave with higher accuracy than the Debye integral [13] . Nevertheless, our method is unique in keeping the 3D-FT form of the Debye integral-based McCutchen method while offering a more accurate result.
Apart from the example of an apertured convergent spherical wave (Fig. 2) , Eq. (4) with a modification can represent a more general wave field diffracted from an aperture located at a distance d from the origin (Fig. 1) . Here, we replace the focal length with the distance d and give an additional aberration function to the incident field, so that Eq. (4) becomes 
where Pðξ; η; γÞ is the pupil function depicting a spherical cap centered at the origin with the radius equal to d. The pupil function has been defined in Eq. (5) with f now replaced with d. Here, x 0 ¼ xd=ðz þ dÞ, y 0 ¼ yd=ðz þ dÞ, and z 0 ¼ zd=ðz þ dÞ. As an analogy to the one in the Fresnel diffraction integral [8] , the introduced quadratic phase term, in the paraxial approximation, represents a divergent wavefront that cancels the converging spherical wavefront (focal length equal to d) implied by the Fourier transform in Eq. (4). Equation (6) can be seen as a generalized version of Eq. (4). As the main result of this Letter, Eq. (6) describes a direct way of computing a 3D diffracted field by way of a single 3D-FT. To demonstrate the proposed method, an incident astigmatic Gaussian beam with beam waist w 0 located in the place of a circular aperture (with the diameter of the aperture being equal to 2a) is considered. The astigmatism is introduced at the beam waist by the difference between the curvatures (Rx and Ry) in x and y axes. The parameters used in the calculation are λ ¼ 633 nm, a ¼ 3 mm, w 0 ¼ 1 mm, Rx ¼ 3 m, and Ry ¼ −2:5 m. Figure 5 shows the 3D complex amplitude of the astigmatic Gaussian beam in the propagation range of 3:8 m to 4:2 m. A good agreement with the field distribution given by the 2D angular spectrum [8] is observed in Fig. 6 .
In conclusion, we first modified McCutchen's method so that its usage can be extended to focusing systems with low Fresnel numbers. The improved approach is essentially represented by a 3D scaled Fourier transform and successfully predicts the focal shift that the original McCutchen's method fails to demonstrate. Furthermore, a direct way of calculating the 3D complex amplitude of a diffracted optical field in free space is developed without the need to stack light distributions in a series of parallel 2D planes. The significant paradigm shift from 2D to 3D calculations proposed in this Letter may shine new light on various optical-diffraction-related problems. 
